An orientation of a graph G is proper if any two adjacent vertices have different indegrees. The proper orientation number − → χ (G) of a graph G is the minimum of the maximum indegree, taken over all proper orientations of G. In this paper, we show that a connected bipartite graph may be properly oriented even if we are only allowed to control the orientation of a specific set of edges, namely, the edges of a spanning tree and all the edges incident to one of its leaves. As a consequence of this result, we prove that 3-connected planar bipartite graphs have proper orientation number at most 6. Additionally, we give a short proof that − → χ (G) ≤ 4, when G is a tree and this proof leads to a polynomial-time algorithm to proper orient trees within this bound.
Introduction
Let G = (V, E) be a simple graph, i.e., finite, with no loops or multiple edges. An orientation σ of G is a digraph obtained from G by replacing each edge by exactly one of the two possible arcs with the same endvertices. If e = (u, v) is an arc of σ, we say that u and v are tail and head of e, respectively. For each v ∈ V (G), the indegree of v in σ, denoted by d − σ (v), is the number of arcs with head v. We denote by ∆ − (σ) the maximum indegree of σ. We write d − (v) when the orientation is clear from the context. An orientation σ of G is proper
, for all uv ∈ E(G). An orientation with ∆ − at most k is called a k-orientation. The proper orientation number of a graph G, denoted by − → χ (G), is the minimum integer k such that G admits a proper k-orientation.
This graph parameter was introduced by Ahadi and Dehghan [1] in 2013. They observed that this parameter is well-defined for any graph G since one can always obtain a proper ∆(G)-orientation. They also proved that deciding if a graph G has proper orientation number equal to 2 is N P -complete even if G is a planar graph.
Lately, Araujo et al. [3] proved that the problem of determining the proper orientation number of a graph remains NP-hard for subclasses of planar graphs that are also bipartite and of bounded degree. In the same paper, they proved that the proper orientation number of any tree is at most 4. They raised the question about which classes of graphs have bounded proper orientation number, and particularly, if this would be the case for planar graphs. Recently, in an attempt to answer this question, two other classes of planar graphs were shown to have bounded proper orientation number, namely, cacti and claw-free planar graphs, with proper orientation number at most 7 and 6, respectively [3] . These bounds are all tight. Despite of this progress, the main question remains open.
In this paper, we prove that a connected bipartite graph may be properly oriented even if we are only allowed to control the orientation of a specific set of edges: the edges of a spanning tree and all the edges incident to one of its leaves (see Lemma 2.3). As consequence of this result, we prove that 3-connected planar bipartite graphs have proper orientation number at most 6 (see Theorem 2.4). On the contrary of the other results on trees and cacti, our proof leads to a polynomial-time algorithm to find a proper orientation within this bound.
We close this paper with an alternative simpler proof of the bound for trees. Previous proofs did not give efficient way for finding a proper orientation with bounded indegrees. However, our proof results in a polynomial-time algorithm to properly orient this class of graphs within this bound.
General bipartite graphs
Determining the proper orientation number of regular and bipartite graphs has been a challenge ever since the parameter was defined. In the seminal paper on proper orientation number [1] , it was proved that:
2 ⌉. However, for general bipartite graphs, it turns out that determining the value of the proper orientation number is very difficult.
Theorem 2.2 ([2]). It is NP-complete to decide if − → χ (G) = 3 for a given planar bipartite graph G with maximum degree 5.
The next lemma shows that, in spite of the hardness of the problem even when restricted to bipartite graphs G, one can obtain a bound for − → χ (G) that is in general better than the trivial bound ∆(G), and a corresponding proper orientation of G, both in polynomial time, even if we are only allowed to control the orientation of a small subset of edges of G. Lemma 2.3. Let G be a connected bipartite graph on vertex classes A and B and let x 0 be a vertex in A. Let T be any spanning tree of G, in which x 0 is a leaf, and let S be the set of edges of G \ T which contain x 0 . Then for any orientation σ ′ of G \ (S ∪ T ), there is an orientation σ of G which extends σ ′ , and in addition satisfies the following properties:
Proof. We begin by orienting every edge of S away from x 0 ; together with our assumption that x 0 is a leaf of T , this ensures that (iii) holds. For any orientation of T , let A ′ be the set of vertices of A \ {x 0 } which have even indegree and let B ′ be the set of vertices of B which have odd indegree. To complete the orientation σ, we now orient T in such a way that |A ′ |+|B ′ | is minimized. To see that σ satisfies (i) and (ii), suppose for a contradiction that A ′ is nonempty (the case when B ′ is nonempty is similar). Let x ∈ A ′ and consider the unique path P in T from x to x 0 . Form T ′ from T by reversing the orientation of every edge of P . Then the parity of every vertex of G except for x and x 0 is unchanged, while the parities of x and x 0 are changed. Thus |A ′ | is decreased by one and |B ′ | is unchanged, contradicting the minimality of T . To see that the orientation is proper, let us first observe that by (i) and Now we apply this lemma to the case of 3-connected bipartite planar graphs. Firstly, we recall that every 3-connected planar graph has a spanning tree of maximum degree at most 3 [4] .
Next, observe from Euler's formula that any bipartite planar graph has maximum average degree less than 4. Hence, it has an orientation with maximum indegree at most 2 [5] .
We therefore obtain the following:
Theorem 2.4. Let G be a 3-connected planar bipartite graph. Then G admits a proper orientation with maximum indegree at most 6.
Proof. Let A and B be the vertex classes of G and let T be a spanning tree of G with maximum degree at most 3. Without loss of generality A contains a leaf x 0 of T . Let S be the set of edges of G \ T which contain x 0 . Let σ ′′ be an orientation of G with maximum indegree at most 2, and let σ ′ be the restriction of σ ′′ to G \ (S ∪ T ). The theorem now follows immediately by applying Lemma 2.3.
The proof of Lemma 2.3 is constructive and yields a polynomial-time algorithm for finding the corresponding orientation σ. (A naive way gives time O(n 2 ), but it is easy to do it in linear time.) The same can be said for Theorem 2.4 since a spanning tree of maximum degree 3 (the proof of existence is based on discharging).
We observe also that a 2-orientation of a bipartite planar graph G can be found in time O(n 2 ). Indeed, G has a vertex v of degree at most 3; we can remove v, obtain a 2-orientation of G − v by induction and then add back v with its edges oriented inwards. If d(v) < 3 then we are done. If d(v) = 3, let S be the set of vertices of G from which there is a directed path to v. Then G[S] has at most 2|S|−4 edges, and hence has a vertex w of indegree at most 1.
We can find such a w, along with a directed path from w to v, in time O(n) by exploring S in the natural way. We then reverse the orientation of each edge of the path to obtain a 2-orientation of G.
Trees
The proper orientation number of trees was tackled in [2] resulting in a tight constant upper bound for the parameter:
The proof in [2] is by contradiction and does not yield a polynomial-time algorithm to find a proper orientation for any tree within this bound. In what follows, we give an alternative and shorter proof of this theorem which results in a polynomial-time algorithm. We start by recalling a result of [3] about proper orientation of paths.
Lemma 3.2 ([3]
). Let P = (v 1 , . . . , v n ) be a path on n vertices, n = 2. Then, there exists a proper 2-orientation of P such that v 1 and v n have indegree 0.
We can use Lemma 3.2 to observe that if n / ∈ {1, 3}, then there exists a proper 2-orientation of P such that v 1 and v n have indegree 0 and 1, respectively. Additionally, if n = 3, then P has two possible proper 2-orientations where both extremities have degree 0 or 1. Proof. The proof is by induction on the order of T . Observe that the theorem is trivially true for any tree with at most 5 vertices. Now, suppose that n ≥ 6 and that the theorem is true for any tree with less than n vertices, and consider T , a tree of order n. The claim is clear if T is a path. We may therefore assume that ∆(T ) ≥ 3. Hence T contains an edge e = xy such that d(x) ≥ 3 and such that every vertex except x in the connected component U of T − e that contains x has degree at most 2.
By the induction hypothesis, T − U has a proper 4-orientation σ ′ . We are going to extend σ ′ to an orientation σ of T , such that d
, for every v ∈ T − U . In particular, we orient the edge yx from y towards x. For the rest, we consider the following three cases.
Observe that x is attached to at least 3 paths in U . Then σ ′ can be extended to T in the following way. According to L(x), orient two or three neighbors of x in U towards x. This will assure that d
. Then we apply Lemma 3.2 and the remark after the lemma to properly orient the remaining edges of U . Since the vertices of the paths attached to x in U have indegree at most 2, the obtained orientation σ is proper with d − σ ′ (y) = 3. Then, orient all the edges incident to x (except for xy) out of x. Since no path is a leaf, the orientation of T can be completed by making each neighbor of x in the paths have degree 2, and this is always possible by the remark after Lemma 3.2.
Case 3: d(x) = 3 and at least one of its neighbors in U is a leaf. Let w be that leaf vertex and let P be the path starting at x and using the remaining vertices in U . Then σ ′ can be extended to T as follows. We orient P such that the edge incident with x is oriented towards x (Lemma 3.2). This will assure that the indegree of x will be 2 or 3. Finally, we orient the third edge xz incident with x in such a way that d 
